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1. Introduction. Examining the inverse problem of the so-called "theorema egregium" 
of Gauss, R. S. Kulkarni [7] has proved, that if / is a sectional-curvature-preserving 
diffeomorphism of a Riemannian manifold of nowhere constant sectional curvature and 
of dimension > 4 onto another Riemannian manifold, then / is an isometry. For other 
results in this direction, see [8, 9, 14]. 

In contrast to the definite case, when the metric is indefinite a sectional-curvature- 
preserving diffeomorphism is not necessarily an isometry. This occurs when the manifolds 
are conformal flat and of recurrent curvature on the sense of A. Walker [12]. 

We note, that for pseudo-Riemannian manifolds the degenerate planes have an impor- 
tant role. Although the sectional curvature is defined only for nondegenerate planes, the 
values of the curvature tensor on degenerate planes give a good information about the 
manifold, as it is shown e.g. in [3, 4]. 

In this paper it is introduced a condition, which is more general that the condition 
/ being a sectional-curvature-preserving diffeomorphism and which is in connection with 
the values of the curvature tensor on degenerate planes. It is proved, that if this condition 
is fulfilled for weakly degenerate planes, then / is sectional-curvature-preserving or the 
manifold is of quasi- const ant curvature. The corresponding condition for strongly degene- 
rate planes implies that the diffeomorphism is necessarily an isometry. 

2. Notations and preliminary results. Let M be a (pseudo-) Riemannian manifold 
with metric tensor g. By a plane we mean a 2-dimensional subspace of a tangent space. 
A plane a is said to be nondegenerate, weakly degenerate or strongly degenerate, if the 
restriction of g on a is of rank 2, 1 or 0, respectively. Of course, if M is Riemannian, i.e. 
if the metric is definite, all the planes are nondegenerate. The sectional curvature K(a) 
of a nondegenerate plane a is defined by 



where {x,y} is a basis of a, R denotes the curvature tensor and 7i"i is defined by 



A vetor £ in a tangent space is called isotropic, if #(£, £) = and £ ^ 0. It is easy to see, 
that if a plane a is weakly (resp. strongly) degenerate, then there exists just one isotropic 
direction in a and it is orthogonal to a (resp. each vector in a is isotropic and orthogonal 
to a). On the other hand if a plane a admits two orthogonal noncolinear vectors, one of 
which is nonisotropic (resp. isoptropic) and the other - isotropic, then a is weakly (resp. 
strongly) degenerate. 




7ri(x,y,y,x) ' 



7Ti(z, u, v, w) = g(z, w)g(u, v) - g(z, v)g(u, w) . 



l SERGICA Bulgaricae mathematicae publications. Vol. 15, 1989, p. 78-86 



2 



As usual by a curvature-like tensor on a vector space V we mean a tensor T of type 
(0,4) with the properties: 

1) T(x,y,z,u) = -T(y,x,z,u); 

2) T(x, y, z, u) + T(y, z, x, u) + T(z, x, y, u) = 0; 

3) T(x,y,z,u) = —T(x,y,u,z). 
The following lemma will be useful: 

L e m m a A [3, 4] . Let T be a curvature-like tensor in a point p of a pseudo-Riemannian 
manifold M of dimension > 3. If T vanishes identically on each weakly degenerate plane 
in p, then it has the form T = ctt\ with a constant c. In particular, if T is the curvature 
tensor of M, then M is of constant sectional curvature in p. 

According to the F. Schur's theorem, if the conditions of Lemma A are fulfilled in 
a connected open set U with T - the curvature tensor, then U is of constant sectional 
curvature. 

Let us recall that the Weil conformal curvature tensor C for M is defined by 

C = R - -^—<p(S) + -I -7T! , 

n — 2 [n — l){n — 2) 

where n = dim M, S is the Ricci tensor, r is the scalar curvature and tp is defined by 

(f(Q)(x, y, z, u) = g(x, u)Q(y, z) - g(x, z)Q(y, u) + g(y, z)Q(x, u) - g(y, u)Q(x, z) 

for any symmetric tensor Q of type (0,2). It is well known [5], that if n > 4 then M 
is conformally flat if and only if C vanishes identically. The following two lemmas give 
criteria for vanishing of the Weil conformal curvature tensor. 

Lemma B [3, 11]. Let M be a (pseudo)-Riemannian manifold of dimension > 4. 
Assume that for every orthonormal quadruple {x, y, z, u] of vectors in a point p e M 

R(x, y, z, u) — 

holds good. Then the Weil conformal curvature tensor of M vanishes in p. In particular, 
if this holds in every point of a open set U, then U is conformally flat. 

Lemma C [3]. Let M be an n-dimensional pseudo-Riemannian manifold of signature 
(s,n — s), where s > 2, n — s > 2. If the curvature tensor of M vanishes identically on 
each strongly degenerate plane in a point p, then the Weil conformal curvature tensor of 
M vanishes in p. In particular, if this holds in every point of an open set U, then U is 
conformally flat. 

If M is another (pseudo-) Riemannian manifold, we denote the corresponding objects 
for M by a bar overhead. A diffeomorphism / of M onto M is said to be sectional- 
curvature-preserving [7], if 

K(f*a) = K(a) 

for each nondegenerate plane a in M, whose image is also nondegenerate. The corre- 
sponding condition for degenerate planes is 

(2.1) lim = 1 , 

a-^ao K (a) 

where the degenerate 2-plane ao is approximated by nondegenerate 2-planes, whose im- 
ages are also nondegenerate. Note, that if / is conformal, then (2.1) holds when and only 
when / preserves the null sectional curvature, defined in [6]. 
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It is easy to prove the following: 

Lemma 1. Let a be a degenerate plane in M, such that (2.1) holds. If R doesn't 
vanish identically on a , then 7Ti vanishes identically on f*a . 

In what follows let M and M be pseudo-Riemannian manifolds of dimension n and let 
/ be a diffeomorphism of M onto M. Then /*x will be denoted by x. 

Lemma 2. Let n > 3 and M be of nonconstant sectional curvature in a point p. If 
(2.1) is satisfied for each weakly degenerate plane a in the tangent space T P M , then there 
exists an isotropic vector £ in p, such that each isotropic vector, which is sufficiently close 
to £ is mapped by /* in an isotropic vector in f(p). 

Proof. According to Lemma A there exists a pair {x, £} of vectors in T p M such that 
x is an unit vector, £ is isotropic and orthogonal to x and i?(x, £,£,x) ^ 0. Let us 
assume that there exists a sequence of isotropic vectors £j converging to £, such that £j 
are all nonisotropic. Then we can find easily a pair {xj, £j} of orthogonal vectors in T p M, 
such that Xi is a unit vector, £j is isotropic, £j is nonisotropic and i?(xj, £j, £i, Xj) 7^ 0. So, 
without loss of generality we assume that £ is nonisotropic. We may suppose also that x is 
orthogonal to £. Hence, according to Lemma 1 span {x, £} is degenerate, i.e. x is isotropic. 
Let £ = y+a, where the vectors x, y, a are orthogonal and g(x, x) = g(y, y) = —g(a, a) = 1 
or —1. Let u be any unit vector, orthogonal to x, y, a if n > 3 and let u be the zero 
vector, if n — 3. We put £ = g(y, y)g(u, u) and y s = (y + su)/\/l + es 2 , where s is a real 
number, |s| < 1. Since i?(x, £, £, x) 7^ 0, then by Lemma 1 there exists a real number 5, 
< 5 < 1, such that for any real s, t with |s|, |i| < 5 we have 

_ y s — tx y s — tx 
n 1 {x + ty a ,-== + a,-== + a,x + ty a ) = , 
Vl + * Vl + t z 

which implies 



From (2.2) and (2.3) we find 

t 2 {^i(x,y s ,y s ,x) + 7fi(y s ,a,a,y s )} + 2(y/l + t 2 - l)7fi(x, y s , a, x) = 

for any real t, s with |t|, |s| < 5. Hence 7fi(x, y s , a, x) = 0. Comparing this with (2.3) we 
get 

Tti(x,y s ,y s ,x) + iri(x,a,a,x) = 
and since x is isotropic, it is easy to conclude 



(2.2) 




+t 2 7n(y s ,a,a,y s ) = . 



For t — this reduces to 



(2.3) 



7Ti (x, y s , y s , x) + 27Ti (x, y s , a, x) + 7Ti (x, a, a, x) = . 



(2.4) 



g(x,a) = , 




9(x,y) = g(x,u) = . 



g(x,y s ) = . 
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Since x is isotropic, (2.4) and (2.6) imply g(x, z) — for each vector z in f(p) and hence 
x — 0, which is a contradiction. This proves the lemma. 

The following assertion is an analogue of Lemma 2 for strongly degenerate planes. 

Lemma 3. Let the Weil conformal curvature tensor of M do not vanish identically in 
p and let M have signature (s,n — s), where s > 2, n — s > 2. If f satisfies (2.1) for each 
strongly degenerate plane «o *n T P M , then there exists an isotropic vector £ in p, such 
that each isotropic vector, which is sufficiently close to is mapped by f\ in an isotropic 
vector in f(p). 

Proof. According to Lemma C there exists an orthogonal pair {£,,!]} of isotropic 
vectors in T p M, such that i?(£, 77, 77, £) ^ 0. Let us assume that there exists a sequence 
rji of isotropic vectors converging to 77, such that fji are nonisotropic. Then we can find 
an orthogonal pair {^.rji} of isotropic vectors in T p M, such that fji is nonisotropic and 
Vii Vii &) 7^ 0- So we may asume that fj is nonisotropic. Also without loss of generality 
we suppose that £ and 77 are orthogonal. Then Lemma 1 implies that £ is isotropic. Let 
£ = x + a, rj — y + b, where x, y, a, b are orthogonal and g(x, x) = g(y, y) = —g(a, a) = 
—g(b, b) — 1. For any vector z in T P M orthogonal to £ we put 

£t = £ + t(x + z); r} t = r} + ty; a t = span {£ t , r] t } . 

Then we find _ 

1 = J ir ? JFp\ = ~^7F~ F\ i ir ? ^' ^' ^) 

*-+*oiir(a t ) i?(£, 77, 77, t-rto 
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x t(2 + t){2 + + g, x + z)} - t{g(z, rj) + tg(z, y)} 

{2(?(£, x, +z) + tg(x + z, x + z)}g(fj t , fj t ) - t{g(£, y) + g(x + z,rj)+ tg(x + z, y)} 2 
Hence we obtain g(£, x + z)g(fj, fj) = or 

(2.7) g&x + z) = 0. 

In particular, if z = this implies g{C,,x) = and hence <?(£, a) = 0. Using again (2.7) 
we conclude g(£, z) = 0. Consequently £ is orthogonal to every vector in f(p), which is a 
contradiction. This proves the lemma. 

Lemma 4. Let n > 3 and in a point p e M there exists an isotropic vector snc/i 
i/ioi eac/i isotropic vector, which is sufficiently close to £ is mapped by f\ into an isotropic 
vector. Then f is a homothety in p. 

Proof. Let £ = x + a, where {x, a} is an orhonormal pair of vectors. Let y be an 
arbitrary unit vector, orthogonal to x, a. Then e.g. g(x,x) = g(y,y) = —g(a,a) and for 
each real t the vector 

6 = (a; + t 2/ )(l + t 2 )- 1/2 + a 
is isotropic. By the condition £ t is also isotropic for each sufficiently small t. This implies 

g(x, x) + t 2 g(y, y) + 2tg(x, y) + 2Vl + t 2 {g(x, a) + tg(y, a)} + (1 + t 2 )^(a, a) = . 

Hence we derive 

g(x, y) = g(y, a) = g(x, a) = , g(x, x) = g(y, y) = -g(a, a) , 

from which the assertion follows easily. 

An n-dimensional nonflat (pseudo-) Riemannian manifold M is said to be a K*-manifold 
[12], if it has one of the following properties: 
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1) M is recurrent, i.e. VR — a® R, where a^O; 

2) M is symmetric (VR = 0) and there exists a differential form q ^0, such that 

£ «POi?(y,z,[/,y) = o. 

A. Walker showed in [12], that a is defined by a(X) = g(Vv,X), where v is a function 
(called recurrence-function) and Vi> denotes the gradient of v. 

An n-dimensional (pseudo-) Riemannian manifold M is said to be of quasi-constant 
curvature [1, 2], if it is conformally flat and there exist functions H, N and a unit vector 
V, such that the curvature tensor has the form 

R = (N — H)<p(B) + Hm , 

where B(X,Y) = g(X, V)g(Y, V). Note that for any point p of M we have K(a) = 
H(p) for any nondegenerate plane a in T P M, perpendicular to V p and K(a) = N(p) for 
any nondegenerate plane a in T P M, containing V p . Such a manifold we shall denote by 
M(H, N, V). Of course, if dimM > 4 and the curvature tensor has the above mentioned 
form, the manifold is necessarily conformally flat. 

Two standart examples of manifolds of quasi-constant curvature are the following (see 
also [2]). 

Example 1. Let Ml(c) be an (n — l)-dimensional (pseudo-) Riemannian manifold of 
constant curvature and M = iWi(c) x R. Then M is of quasi-constant curvature. 

Example 2. Let R" +1 be the pseudo- Euclidean space with an indefinite metric of the 
signature (s, n + 1 — s). Let M be the n-dimensional indefinite hypersurface given by the 
equations 

x i = 2y i y n /A i = l,...,n-l 
x n = y «(A-2)/A 

x n+l = J^n) 

for A > 0, y n > 0, where A = — YH=i{y % ) 2 + YH=s+i(y 1 ) 2 + ^ anc ^ / is a smooth function. 
Then M is a manifold of quasi-constant curvature and 

f/2 a f/ fll 

H = N= — 

(y«) 2 (l + f 2 )' y n {l + n ' 

In the following section we shall use the well known fact [5], that if the metrics g and 
g on M are related by g — e 2cr g (thus (M,g) and (M,g) are conformal), then 

(2.8) R = e 2a {R + <p(Q)} , 
where 

(2.9) Q(X, Y) = XaYa - g(V x Va, Y) - ^(W, Va)g(X, Y) . 

3. Main results. We begin this section with a theorem, which follows immediately 
from Lemmas 2 and 4. 

Theorem 1. Let M and M be pseudo -Riemannian manifolds of dimension n>3 and 
let M be nowhere of constant sectional curvature. If f is a diffeomorphism of M onto M 
satisfying (2.1) for each weakly degenerate plane a on M , then f is conformal. 
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If the diffeomorphism / is conformal, we have f*g = e 2cr g or f*g = —e 2cr g for a smooth 
function a. Then without loss of generality we may identify M with M via / and assume 
g = e 2a g. We state: 

Theorem 2. Under the conditions of Theorem 1 the following propositions hold: 

a) if Vcr vanishes identically or n > 4 and M is nowhere conformally flat, then f is 
an isometry; 

b) if Vo" is isotropic and either n > 4 or M is conformally flat of dimension n = 3, 
then M is a conformal flat K*-space and a is a function of the recurrence-function; 

c) if || Va|| 2 = g(Va, Vcr) doesn't vanish and either n > 4 or M is conformally flat of 
dimension n = 3, then M is a manifold M(H, N, V) of quasi- constant curvature, where 
VH , VN and V are proportional to Vcr. 

Proof. Since g = e 2a g, (2.1) reduces to 

R(x,Z,Z,x) = e A °R(x,^^x) 

for arbitrary p in M and x, £ in T p M with g(x, x) ^ 0, = g(x,£) = 0. Hence, using 

Lemma A we obtain 

R = e^{R + c7i 1 } 
for a function c, from which it follows 

(3.1) R = e iu {R+ (f -r)7ri/(n(n- 1))}. 

Let Vcr = 0, i.e. a is a constant. Then (2.8), (2.9) and (3.1) imply (e~ 2a - \)R = 
(f — r)ni/(n(n — 1)). Since M cannot be of constant sectional curvature in an open set, 
this yields a — 0, i.e. / is an isometry. 

On the other hand, if x, y, z, u are arbitrary orthogonal vectors at a point p of M, 
from (2.8) and (3.1) we find 

(3.2) (e 2a(p) - l)R(x,y,z,u) = . 

If n > 4 and M is nowhere conformally flat, Lemma B and (3.2) imply a = 0, i.e. / is an 
isometry, proving a). 

Let us assume that Vcr is isotropic or 1 1 Vcr || doesn't vanish. In both cases if p is an 
arbitrary point, a cannot vanish in a neighbourhood of p, i.e. there exists a sequence Pi 
converging to p, such that a(pi) ^ for each i. Then (3.2) and Lemma B imply that the 
Weil conformal curvature tensor of M vanishes in pi. By continuity it vanishes in p and 
hence M is conformally flat, if n > 4. Consequently in cases b) and c) M is conformally 
flat. Using (2.8) and (3.1) it is not difficult to get 

(3.3) P = e 2a P , 

(3.4) Q = (e 2CT - l)P/(n - 2) + (f e 2CT - r)g/(2n(n - 1)) , 

where P = S — rjng. Since (M,g) and (M,g) are conformally flat, we have [13] 

(Vx(S - ^9))(Y, Z) - (Vy(S - ^9))(X, Z) = , 
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Hence, using (3.4) and V X Y = V X Y + XerF + FerX - g(X, F) Ver we obtain 

n — 2 

XerP(F, Z) - FerP(X, Z) + ^— ^{X{f - r)g{Y, Z) - Y(f - r)g(X, Z)} 
+g(X, Z)P(Y, Ver) - g(Y, Z)P(X, Va) = , 
which implies immediately 

n — 9 

(3-6) P(F,Ver) = — F(f-r), 

r? — 2 

(3.7) XaP(Y, Z) - FerP(X, Z) + ^ {X(f - r)«7(F, Z) - F(f - r^X, Z)} = . 

To prove b) we assume that Ver is isotropic and we put in (3.7) X = Z = Ver, F = 
V(f — r). Using (3.6) we find (Vcr)(r — r) = 0. Hence, substituting in (3.7) X by 
Ver we obtain easily F(f — r)Za = for arbitrary vector fields Y, Z on M. Since Ver 
can not vanish this shows that f — r is a constant. Since Ver is isotropic, (2.9) implies 
Q(X, Ver) = 0. Thus, using (3.4) and (3.6) we derive 

(3.8) fe 2a - r = . 

On the other hand, since f — r is a constant, (3.7) implies XaP(Y, Z) — YaP(X, Z) — 
and hence P(Y,Z) = hYaZa for a smooth function h. Then (2.9), (3.4) and (3.8) yield 
£f(VxVer, Y) = (1 + (1 - e 2a )h/(n - 2))XaYa. Hence we obtain easily 

(V X P)(Y, Z) = {X/i + 2/7,(1 + (1 - e 2<T ) /i/(n - 2))Xer}FtrZer . 

We compare this with (3.5) to find 

n — 2 

{X/iFer - F/^XerjZer + —^-—^{Xrg(Y, Z) - Yrg(X, Z)} = . 

Here we assume, that X is any vector field on M, that Z is orthogonal to Ver, X and 
that F is not orthogonal to Z. It follows that Xr = 0, i.e. r is a constant. Thus, 
differentiating (3.8) and using f — r = const, we obtain fXa = for any vector field X 
on M. Since Ver can not vanish this implies f = 0. According to (3.8) r vanishes too. 
Then (3.1) shows that / is sectional-curvature-preserving and b) follows from [10]. 

Finally, we assume that ||Ver|| 2 doesn't vanish. Let in (3.7) X = Z = Ver and Y be 
orthogonal to Ver. Using (3.6) we obtain Y(f — r) = 0. Hence /iVer = V(r — r), where 
(j, is a smooth function. Substituting X by Ver in (3.7) and making use of (3.6) we find 

n — 2 

(3.9) P(Y, Z) = f,{XYaZa - _ g(y, Z)} , 

where A = (n - 2)/(2n(n - 1)) || Verf. From (2.9), (3.4) and (3.9) we derive 

(3.10) s(VxVer, F) = (1 + A/i^^)XerFer + ^(X, F) , 

n — 2 



where 



2n 2 (n-l) 2" " 2n(n - 1) 
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In particular, this implies X||Ver|| 2 = for any X orthogonal to Ver. From (3.9) and 
(3.10) one gets 

Xu 1 — e 2u 
(V X P)(Y, Z) = —P(Y, Z) + /iXXYaZa + 2Xfi(l + X/i )XoYoZo 

JJj Th 2 

+\{iv{g(X,Y)Za + g(X,Z)Ya} . 
Together with (3.5) this yields 

n — 2 1 
v / n — 2 n — 2 

when A is orthogonal to Vcr. Let in (3.11) g(Y,Y) ^ 0; Y be orthogonal to X, Ver; 
Z = Ver + Y. Then we obtain Xt = 1/nXfi. Now we assume in (3.11) Y = Z = Ver. 
The result is X/j, = 0. Consequently Ver, Vr and V/x are proportional. Since M is 
conformally flat (3.9) shows that it is a manifold of quasi- const ant curvature M(H, N, V) 
with V proportional to Ver. Moreover, we compute 

1 r 1 i ir 1 r n ~ 2 i 

H = M^T) {T ~n^ } N= ^l) [T + ^T^ } - 

Consequently VH, ViV and Ver are proportional. This proves the theorem. 
Remark. Putting in (3.11) Z = X we obtain 

9 1 

(3.12) /iZ/Ver = ||Ver|r (Vr - -V/i) . 

n 

If H - N doesn't vanish (3.10) and (3.12) imp[ly 

g(V x Y,VH) = Ijt^ \\VH\\ 2 g(X,Y) 

for all vector fields X, Y, orthogonal to Ver. This holds for each manifold of quasi-constant 
curvature, see [1] (indeed in [1] this is proved in the definite case, but there is no principle 
difference). Note also that in the case H = const it follows from (3.10) and (3.12) that 
M is locally a product M\ x Mi in a neighbourhood of any point in which M is not of 
constant sectional curvature, where Mi is an (n — l)-dimensional manifold of constant 
sectional curvature H. 

The following result shows that there exists no nontrivial diffeomorphisms, satisfying 
(2.1) for strongly degenerate planes. 

Theorem 3. Let M and M be pseudo-Riemannian manifolds, such that M is nowhere 
conformally flat and of signature (s, n — s) where s > 2, n — s > 2. Let f be a diffeomor- 
phism of M onto M , satisfying (2.1) for each strongly degenerate plane «o on M. Then 
f is an isometry. 

Proof. According to Lemmas 3 and 4 / is conformal. So without loss of generality 
we may identify M with M via / and assume g = ee 2a g, where e — ±1. Let e = 1 and 
let {£,,!]} be an arbitrary orthogonal pair of isotropic vectors on M. Then (2.1) yields 

(3.13) R(£, r/, 77, = e 4CT i?(£, V , v , . 
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2a 



1)^,^,^0 = 0. 



Since M is nowhere conformally flay, then from (3.15) and by applying Lemma C if follows 
that a = 0. Similar arguments show that the case e = — 1 is not possible. This completes 
the proof. 
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